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^: 

■^^ , Abstract. We consider low connectivity variants of the Survivable Net- 

' work with Minimum Number of Steiner Points (SN-MSP) problem: given a 

*^^ ' finite set R of terminals in a metric space {M, d) , a subset B C _R of "un- 

stable" terminals, and connectivity requirements {vuv : u,v £ R}, find 
a minimum size set 5* C M of additional points such that the unit-disc 

^O I graph of RuS contains Vuv pairwise internally edge-disjoint and (BuS)- 

^*\ . disjoint itw-paths for all u,v £ R. The case when Vuv = 1 for all u,v £ R 

. ' is the Steiner Tree with Minimum Number of Steiner Points (ST-MSP) 

Y^ , problem, and the case Tuv € {0, 1} is the Steiner Forest with Minimum 

Number of Steiner Points (SF-MSP) problem. Let A be the maximum 
number of points in a unit ball such that the distance between any two 
of them is larger than 1. It is known that Zi = 5 in R'^. The previous 
known approximation ratio for ST-MSP was [(Z\ -I- 1)/2J -|- 1 -I- e in an 
arbitrary normed space [19], and 2.5 -|- e in the Euclidean space M^ [5]. 
Our approximation ratio for ST-MSP is 1 -I- ln(zi — 1) -f e in an arbitrary 
normed space, which in R^ reduces to 1 -I- ln4 -f e < 2.3863 -I- e. For SN- 
MSP with Tuv G {0, 1,2}, we give a simple Z\-approximation algorithm. 

\l ■ In particular, for SF-MSP, this improves the previous ratio 2Z\. 

o 

en 



1 Introduction 

1.1 Problems considered 



5^ , A large research effort is focused on developing algorithms for finding a "cheap" 

C^ • network that satisfies a certain property. In wired networks, where connecting 

any two nodes incurs a cost, many problems can be cast as finding a subgraph 
of minimum cost that satisfies some prescribed connectivity requirements. Fol- 
lowing previous work on min-cost connectivity problems, we use the following 
generic notion of connectivity. 

Definition 1. Let G = {V^E) he a graph and let Q C V. The Q- connectivity 
Xq{u, v) of u, V in G is the maximum number of pairwise {E\jQ\{u, v})-disjoint 
uv-paths in G. Given connectivity requirements r — {r„„ : u,v G R C V} on a 
subset R 'ZV of terminals, we denote by D^ — {uv : u,v G R, r^v > 0} the set of 
"demand edges" ofr. We say that G is {r,Q)- connected, or simply r-connected 
if Q is understood, if Xq{u,v) > r„„ for all uv £ Dr- 



Note that edge-connectivity is the case Q = % and node-connectivity is the 
case Q = V . The members of i^UQ will be called elements, hence Aq(u, v) is the 
maximum number of pairwise internally element-disjoint uw-paths in G. Variants 
of the following classic problem were extensively studied in the literature. 



Survivable Network (SN) 

Instance: A graph G = (V, E) with edge costs, Q ^ V , and connectivity 

requirements r — {ruv : uv G R C V}. 

Objective: Find a minimum-cost (r, (5)-connected subgraph H of G. 



In practical networks the connectivity requirements are rather small, usually 
ruv G {0, 1,2} - so called {0, 1,2}-SN. Particular cases in this setting are Mini- 
mum Spanning Tree (IVIST) (r„i, — 1 for all u,v £ V), Steiner Tree (r„.„ = 1 for 
all u,v G R) and Steiner Forest (r„^, G {0, 1} for all u,v G R), and 2-Connected 
Subgraph {ruv — 2 for all u,v E V). 

In wireless networks, the range and the location of the transmitters deter- 
mines the resulting communication network. We consider adding a minimum 
number of transmitters such that the resulting communication network is (r, Q)- 
connected. If the range of the transmitters is fixed, our goal is to add a minimum 
number of transmitters, and we get the following type of problems. 

Definition 2. Let (M, d) be a metric space and let V C M . The unit-disk graph 
of V has node set V and edge set {uv : u,v € V, d{u, v) < 1}. 



Survivable Network with IVlinimum Number of Steiner Points (SN-IVISP) 
Instance: A finite set R C M of terminals in a metric space (M,d), a set 
B C_ R oi "unstable" terminals, connectivity requirements {r„t, : uv G R}. 
Objective: Find a minimum size set S C M such that the unit-disk graph of 
i? U S* is (r, (3)-connccted, where Q = B U S. 



As in previous work, we will allow to place several points at the same location, 
and assume that the maximum distance between terminals is polynomial in the 
number of terminals. 

1.2 Previous work and our results 

On previous work on high connectivity variants of SN problem we refer the 
reader to a survey in |17] and here only mention some work relevant to this 
paper. The Steiner Tree problem was studied extensively, c.f. |24I25I23I20I2|9J . 
and the currently best approximation ratio for it is In 4 -I- e [2] . Let t* denote the 
optimum value of a standard cut-LP relaxation for SN (see Section [3]). In [10] 
is given a combinatorial primal-dual algorithm for Steiner Forest that computes 
a solution of cost at most 2t*. For {0, 1,2}-SN a similar results is achieved by 
the iterative rounding method [5]; a combinatorial primal-dual algorithm that 
computes a solution of cost at most 3t* is given in [5T] . 

We survey some relevant literature on SN-MSP problems. ST-IVISP is NP- 
hard even in R^, and arises in various wireless network design problems, c.f. 



|1I3I4I5I12I13I18I15] for only a sample of papers in the area, where it is studied 
both in K^ and in general metric spaces. In the latter case, the approximation 
ratio is usually expressed in terms of the following parameter. Let A be the max- 
imum number of "independent" points in the unit ball, such that the distance 
between any two of them is larger than 1. It is known [22] that A equals the 
maximum degree of a minimum-degree Minimum Spanning Tree in the normed 
space. For Euclidean distances we have Z\ = 5 in R^ and Z\ = 11 in R'^, and in 
R^ A is at most the Hadwiger number [H]; hence A < 2"-40W(i+o(i))^ ^^y p^ 

In finite metric spaces, ST-MSP is equivalent to the variant of the Node 
Weighted Steiner Tree problem when all terminals have costs and the other 
nodes have cost 1. Klein and Ravi [TB] proved that this variant is Set-Cover 
hard to approximate, and gave an 0(ln [i?|)-approximation algorithm for general 
weights. Hence up to constants, even for finite metric spaces, the ratio 0(ln \R\) 
of [16] is the best possible unless P=NP. Note however, that this does not exclude 
constant ratios for metric spaces with small A, e.g., Z\ = 5 in R^. 

Most algorithms for SN-MSP problems applied the following reduction method, 
by solving the corresponding SN instance obtained as follows. 

Definition 3. Given a finite set R of points in a metric space {M, d) and an 
integer k > I, the (multi) graph Kr has node set R and k parallel edges between 
every pair of nodes. The costs of the k edges between u, v are defined as follows. 
Let duv = Taa,x{\d{u,v)~\ — 1,0}. If d^v > 0, then all the k edges have cost duv 
If duv — 0, then one edge has cost and the others have cost 1. 

Let opt denote the optimal solution value of a problem instance at hand. It 
is easy to see that any solution of cost C to the corresponding SN instance with 
k = niax„„g£)^ r„„ defines a solution S of size C to the original SN-MSP instance, 
where every node in S has degree exactly 2; such a solution is called a bead 
solution. Conversely, any bead solution S can be converted into a solution to the 
SN instance of cost at most IS*! (see |12I3| ). Due to this bijective correspondence, 
we simply define a bead solution as a solution to the corresponding SN instance, 
and denote the optimal value of a bead solution to an instance J by r = t(/). 
If the SN instance admits a p-approximation algorithm, and if for the given 
SN-MSP instance there exists a bead solution S of size < aopt, then we get a 
pa-approximation algorithm for the SN-MSP instance. Equivalently, for a class 
I of SN-MSP instances, define a parameter a by a = a{T) = supjgx °T(i) ■ Then 
approximation ratio p for SN instances that correspond to the class I implies 
approximation ratio ap for SN-MSP instances in class X. 

Mandoiu and Zelikovsky [18] showed that for ST-MSP a = A — 1. Since 
the instance of SN that corresponds to ST-MSP is the MST problem that can 
be solved in polynomial time, this gives a. {A — l)-approximation algorithm for 
ST-MSP. A more general method, uses a reduction to the Minimum /c-Connected 
Spanning Subhypergraph problem, see Section j^j This method was initiated by 
Zelikovsky [M], improved in a long series of papers (part of them are [24I20I23J ). 
and culminated in the paper of Byrka, Grandoni, Rothvofi, and Sanita [2]. For 
ST-MSP in R^, Chen and Du [5] applied this method to get the currently best 



known ratio 2.5+e. In arbitrary metric spaces, the ratio Z\— 1 of 18 was improved 
to [{A + 1)/2J + 1 + e in [TH], also using the same method. These works assume 
that ST- MSP instances with a constant number of terminals can be solved in 
polynomial time, which holds in R^ if the maximum distance between terminals 
is polynomial in the number of terminals, see [4, Lemma 11] and the discussion 
there. In this paper we apply a variant due to Zelikovsky |25) . and obtain the 
following result. 

Theorem 1. ST- MSP with constant A admits an approximation scheme with 
ratio 1 + ln(Z\ — 1) + e, provided that ST-MSP instances with a constant number 
of terminals can be solved in polynomial time. In particular, in M^ the ratio is 
l-hln4-|-e < 2.3863 -I- e. 

We now discuss SN-MSP problems with k — maxuvev ^uv > 2. Bredin, De- 
maine, Hajiaghayi, and Rus |1^ considered a related problem of adding a mini- 
mum size S such that the unit disc graph of i? US' is fc- node-connected (note that 
we require fc-connectivity only between terminals) . For this problem in R^ , they 
gave an 0(fc^)-approximation algorithm, but essentially they implicitly proved 
that for this class of problems a = 0{Ak^). Recently, it was shown in \TW that 
a = 0{Ak^) for node-connectivity SN-MSP instances in any normed space. 

Kashyap, Khuller, and Shayman [13 considered the 2-edge/node-connectivity 
version of SN-MSP, where r„„ — 2 for all u,v G R. They used the reduc- 
tion method described in Definition [31 namely, their algorithm constructs an 
SN instance as in Definition [3] and then converts its solution into a bead solu- 
tion to the SN-MSP instance. Although they analyzed a performance of specific 
2-approximation algorithms - the algorithm of Khuller and Vishkin [T5] for 2- 
edge-connectivity and the algorithm of Khuller and Raghavachari [14] for 2-node- 
connectivity, they essentially proved that a = Z\ in both cases. This implies ratio 
2 A in both cases. The analysis of these specific algorithms was recently improved 
by Calinescu [3] , showing that their tight performance is A for node-connectivity 
and 2 A — 1 for edge-connectivity. Note that the edge-connectivity version is not 
included in our model, since in our SN-MSP instances every non-terminal node 
is in Q, namely, the paths are required to be S disjoint. 

Let r* = r* (/) denote the optimal value of a fractional bead solution of an 
SN-MSP instance /, namely, r* is the optimum of a standard cut-LP relaxation 
for the corresponding SN instance (see Section [3|). Here we observe, that if the 
algorithm we use for the corresponding SN instance computes a solution of cost 
at most pT* , then the relevant parameter is the following. 

Definition 4. For a class X o/SN-MSP instances, let a* — oe*{I) — sup^^j °r'(i) ■ 

Theorem 2. For Q- connectivity {0, 1,2}-SN-MSP a* ~ ^. Thus if Q- connecti- 
vity {0, 1, 2}-SN admits a polynomial time algorithm that computes a solution of 
cost at most pr* , then Q- connectivity {0, 1, 2}-SN-MSP admits approximation 
ratio p- Y- ^^ particular, for p = 2 the ratio is A, and thus {0, 1, 2}-SN-MSP 
admits a A- approximation algorithm. 

Theorems [T] and [2] are proved in Sections [2] and |3l respectively. 



2 Proof of Theorem [T] 

We consider a generic problem defined in [TH], that includes both ST- MSP and 
the classic Steiner Tree problem. 



Generalized Steiner Tree 

Instance: A (possibly infinite) graph G = {V,E), a finite set R C V oi 
terminals, and a monotone subadditive cost function c on subgraphs of G. 
Objective: Find a minimum-cost connected finite subtree T of G containing R. 



Instead of considering optimal connections only between pairs of terminals, 
we consider optimal connections of terminal subsets of size at most k. 

Definition 5. For an instance of Generalized Steiner Tree and an integer k, 
2 < k < \R\, the hypergraph "Hfc — {R,£k) has node set R and hyperedge set 
£k = {^ C i? : 2 < \A\ < fc}. The cost c*{A) of A G £k is the cost of an optimal 
solution Ta to the Generalized Steiner Tree instance with terminal set A. 

Given a hypergraph H with hyperedge costs, the Minimum Connected Span- 
ning Sub-hypergraph problem seeks a minimum cost subset of hyperedges that 
connects any two nodes. The construction in Definition [5] converts the General- 
ized Steiner Tree problem into the Minimum Connected Spanning Sub-hypergraph 
problem in a hypergraph Hk of rank k. Any solution of cost C to this problem 
correspond to a solution of value at most G to Generalized Steiner Tree, by the 
aubadditivity and monotonicity of the cost function in the Generalized Steiner 
Tree problem. The inverse is not true in general, and this reduction invokes a fee 
in the approximation ratio, given in the following definition. 

Definition 6. Given an instance I o/ Generalized Steiner Tree let Tk{I) denote 
the minimum cost of a connected spanning sub-hypergraph ofHk- The fc-ratio for 
a class I o/ Generalized Steiner Tree instances is defined by ak = sup/gj ot(i) ■ 

Note that for X being the class of ST-MSP instances, a2 is the parameter a 
defined in the introduction, and that by [18] we have a2 — a = A — 1. We have 
afc = 1 for instances with \R\ = fc, and in general Uk is monotone decreasing and 
approaching 1 when fc becomes larger. 

In Section 12.1! we prove the following statement, which is of independent 
interest, and may find applications in other network design problems. 

Theorem 3. There exists polynomial time algorithm that given a hypergraph 
% — {R,£) with hyper-edge cost {c{A) : A & £} and a spanning tree T* of 
(edges of size 2 of) Ti computes a spanning connected sub-hypergraph T of "H 

of cost at most r I 1 + In — — - ) , where r is the minimum-cost of a connected 

spanning sub-hypergraph ofH. 

Corollary 1. For any constant k, Generalized Steiner Tree admits an approxi- 
mation ratio ckfc (1 -|- lna2), provided that for any A G £k, the instance with the 
terminal set A can be solved in polynomial time. 



Proof. By the assumptions, the hypergraph Hk, and the costs c*{A) with the 
corresponding trees Ta for A ^ £k, can be computed in polynomial time. We 
can also compute in polynomial time an optimal spanning tree T* in 'H2; note 
that c{T*) < ai ■ opt. Then we apply the algorithm in Theorem [3] to compute 

a sub-hypergraph T of 'Hk of c*-cost at most r I 1 + In '^^^ ' 1 , where r is the 

minimum-cost of a connected spanning sub-hypergraph of "Hfe. Let opt denote 
the optimal solution value for the Generalized Steiner Tree instance. Note that 
opt < T < akopt. Let T — Ua^tTa- Since T is a connected hypergraph, T 
is a feasible solution to the Generalized Steiner Tree instance. We have c{T) < 
^^g.y-c(TA) = c*{'T), by the monotonicity and the subadditivity of the c-costs. 
Thus we have: 

c(T) <c*(r)<r('l + In ^ffl") = r A + In ^^^^^^"j < afeopt (1 -f Inaz) . 

D 

Du and Zhang [7] showed that for the classic Steiner Tree problem, ak < 
l + l/[\gk\, where Ig fc = log2 k denotes logarithm base 2. In Section |3] we prove 
the following. 

Theorem 4. For ST-MSP, afc < 1 + m \ kjiA-i)\ 1 J^°''^ '^''^V ii^t^g^f k > 2A — 2. 

Note that fc > Z\ is necessary if we want a/j < 2. Otherwise, for an instance 
/ of Z\ points on the unit ball we have J[(j) = 3-, so a^ > ^ if fc < Z\. 

From Corollary [T] and Theorem |4] we conclude that for any constant k > 
2 A — 2, it is possible to compute in polynomial time a solution to an ST-MSP 
instance of size at most ak (1 + ln(Z\ — 1)) opt, where ak is as in TheoremHl For 
the metric space R^, and given a constant e > let fc = 2'^'-'^/^^ with sufficient 
large constant. Then by TheoremHl ak < 1+e/ (1 + In 4), and the approximation 
ratio of our algorithm is 1 + ln4 + e. This completes the proof of Theorem [1] 

2.1 Proof of Theorem H 

For the proof of Theorem [3] we need the following definition. 

Definition 7. Given a tree T — {R, F) we say that A C R overlaps F' C F if 
the graph obtained from T\F' by shrinking A into a single node is a tree. Given 
cost {c(e) : e G F} let F(A) be a maximum cost edge set overlapped by A. 



Note that F \ F{A) is an edge set of a minimum cost spanning tree in the 
graph obtained from T by shrinking A into a single node; hence F{A) can be 
computed in polynomial time. The following statement appeared in [53j (see also 
[5]); we provide a proof for completeness of exposition. 

Lemma 1. Let T = (i?, F) be a tree with edge costs {c(e) : e G F} and let (i?, £) 
be a connected hypergraph. Then J2ag£ '^(^(^)) — c{F). Thus there exists A G £ 
such that 

cjFjA)) ^ c{F) 

dA) - c{£) ■ 



Proof. For a node v ^ A, let C^ be the connected component in T \ F{A) 
that contains v. For an edge e e ^(^) that connects two components Cu,Cv, 
let y(e) = uv be the replacement edge of e, of cost c{y{e)) — c(e). The graph 
TU{2/(e)} contains a single cycle and y{e) is the heaviest edge in this cycle, since 
otherwise F{A) is not minimal. For a hyperedge A e £ \ci y{A) = Uegi?(A)2/(e) 
be the replacement set of A^ and let y{S) = ^A£sv{A.). It is easy to see that y{A) 
span A, and 2/(f ) span R. Consider a MST on T U y{E)- By the cycle property 
of a MST, no edge from y{E) would participate in that MST, so c{T) < c{y{E)). 
Finally, c{y{8)) = '}2,Ae£ vi^) ~ TliAe£ "^(-^(^))' ^'^'^ ^^^ lemma follows. D 



Local Replacement Algorithm 

Input: A hypergraph % = {R,S) with hyper-edge cost {c{A) : A G £}, and a 
spanning tree T* = (i?, F*) of (edges of size 2 of) H. 
Imtialization: J ^%,F ^ F*,T ^ {R,F). 
While c{F) > do: 

Find A ^ £ with ^\,t[^) maximum. 

- // c{F{A)) > ciA) then do: 

- Update T, H: remove F{A) and shrink A into a single node. 

- F ^F\ F{A) andJ^jU {A}. 

- Else STOP and Return T= {R,FUJ). 
EndWhile 

Return T= (R^FUJ). 



At every iteration \F\ decreases by at least 1, hence the algorithm runs in 
polynomial time, and clearly it computes a feasible solution. We prove the ap- 
proximation ratio. Let Fi and Ji be the set stored in F and J", respectively, at 
the beginning of iteration i + 1, and let Ai be the hyperedge picked at iteration i. 
Denote fi = c{Fi) and Si = c{Ai), and recall that r denotes the minimum cost of 
a connected spanning sub-hypergraph of T-L. At iteration i we remove Fi-i{Ai) 
from Fi-i after verifying that c{Fi-i{Ai)) > c{Ai) — Si. Hence 

f^ < f^-l - max{c(F,_i(A,)), c{A,)} = /,;_i - s, ■ max l^^^^^i^, 1 

By Lemma H ''^•^;^^[^'" > ^. Thus we have 

fi < fi-i - Si ■ max{/.j_i/r, 1} . (1) 

The algorithm stops if either c{Fq) — or c{F{A)) < c{A) at iteration q + I. In 
the latter case, 1 > c{Fq)/T follows by Lemma [1] In both cases, we have that 
there exists an index q such that /g-i > t > fq holds. Now we use the following 
statement from [6]. 

Lemma 2. Let r > and fo, . . . , fq and si, . . . , Sg be sequences of positive reals 
satisfying fo>T> fq, such that (QJ) holds. Then fq + J2i=i ^t < ''"(l + lii(/o/'''))- 



Let q be an index such that fq-i > t > fq holds. We may assume that 
/o = c{F*) > r > 0. Note that c{Jq) = ELi ■s* and that c{F,) + c{Ji) < 
c{Fi^i) + c{Ji^i) for any i. Hence from Lemma[2]we conclude that 

c{r) < c{Fq) + c{Jq) = /, + ^ s. < t(1 + ln(/o/T)) =t(i+ In ^^"j . 

z— 1 ^ ^ 

This finishes the proof of Theorem [31 

3 Proof of Theorem [2] 

To illustrate our idea, we first prove Theorem [5] for a particular simple case - the 
Steiner Forest with Minimum Number of Steiner Points (SF-MSP) problem, when 

Tuv e {0,1}. 

Definition 8. For a subset C of nodes of a graph G = {V, E) let us use the 
following notation: FciC) is the set of neighbors of C in G; Sg{C) — Se{G) is 
the set of edges in E with exactly one endnode in C ; E{C) is the set of edges in 
E with both endnodes in C . Given R ^V , an i?-component of G is a subgraph 
of G with node set CurQ{G) and edge set _E(C)U(5g(C), where G is a connected 
component of G\R. 

The cut-LP relaxation for Steiner Forest is: 

T* = min 2, CgXe 

eeE 

s.t. J2 '^^- ■^(^) V ^ y C V^ 

e€6E{Y) 

< Xe < 1 \feeE 

where f{Y) = 1 if there are u,v & V with r^v = 1 and |{u,w} riY\ — 1, and 
f{Y) — 1 otherwise. 

Robins and Salowe [22] proved that if F is a set of pouts in a metric space, 
then there exists a tree T = {V, E) of minimum total length J2uv£E '^('"' ") ^^^t 
has maximum degree < A. Since any inclusion-minimal solution to a Steiner 
Forest instance is a forest, this implies the following. 

Lemma 3. For any instance o/ SF-MSP there exists an optimal solution S,G 
such that G has maximum degree A. D 

The following statement was first observed in |13) . 

Lemma 4. Let R be a set of terminals and S a set of points in a normed space 
such that the unit-disc graph of RUS contains a tree T with leaf set R. Let S' be 
obtained from S by replacing each v ^ S by degjn(w) copies of v. Then the unit 
disc graph of RU S' contains a simple cycle on RU S' . 



Proof. Traverse the tree T in a DFS order; each time a node w £ 5 is visited, 
choose a different copy of w. D 

Given a tree T, we will call a cycle as in the lemma above a DFS cycle of T. 

Now we can prove Theorem [5] for the SF-MSP case. Let 5* be an inclusion 
minimal solution to an SF-MSP instance. By Lemma [31 the unit-disc graph of 
RU S contains an r-connected forest H such that deg^(u) < A for every v & S. 
Every i?-component T oi H (a.k.a. full Steiner component) is a tree with leaf 
set in R and all internal nodes in S. It is easy to see that by replacing every 
i?-component T of 7f by a DFS cycle of capacity 1/2 results in a feasible solution 
to the cut-LP relaxation, which proves Theorem [2] for the SF-MSP case. 

Now we prove Theorem [5] for {0, 1, 2}-SN-MSP. We start by describing the 
cut-LP relaxation for SN. We need some definitions. 

Definition 9. An ordered pair X ~ {X,X^) of subsets of a groundsel V is 
called a biset if X Q X^ ; X is the inner part and X^ is the outer part of X , 
r{X) — X+ \X is the boundary of X , and X* = V\X* is the complementary 
set of X . An edge e ~ uv covers a biset X if it has one endnode in X and the 
other in V \X^. For a biset X and an edge-set/graph J let Sj{X) denote the 
set of edges in J covering X . 

By Menger's Theorem, a graph G = {V,E) is (r, Q)-connected if, and only 
if, |5B(y)| > f{Y), where / is a biset-function defined by 

r max r„„-|r(f)| if FiY) C Q 
{ otherwise 

The cut-LP relaxation for SN is 

T* — min y CeXe 
eS-B 

s.t. ^ Xe > f{Y) V biset Y 

eeSsiY) 

0<Xe<l Ve G ^ 

We will say that a graph with edge capacities Xe is fractionally (r, Q)-connected 
if a; is a feasible solution to the above cut-LP relaxation. 

To prove Theorem[2l we prove in the next sections the following two theorems 
about {0, 1, 2}-connected graphs, that are of independent interest, and may find 
further applications in low connectivity network design. An r-connected graph 
G is minimally r-connected if no proper subgraph of G is r-connected. 

Theorem 5. Let G be a minimally (r, Q)-connected graph such that Q[J R — V 
and ruv G {0, 1,2} for all u,v Cz R. Then every R-component is a tree. Further- 
more, for any subset C of connected components ofG\R, replacing for each C £ C 
the corresponding tree by a DFS cycle of capacity 1/2 results in a fractionally 
(r, Q)-connected graph. 



Theorem 6. Let R be a set of terminals in a normed space, let B Q R, and let 
r he a {0,1,2} requirement function on R. Let S he an inclusion minimal set 
of points such that the unit-disc graph of RU S is {r, B U S)-connected. Among 
all (r, B U S)-connected spanning subgraphs of the unit-disc graph of RU S , let 
G = {V,E) be one of minimum total length X^uugb '^("j ^)- Then (legQ{v) < A 
for all V (£ S . 

Particular cases of Theorem [6] were proved by Robins and Salowe [22] for r = 
1, and by Calinescu [3] for r = 2. We prove Theorems [5] and [5] in Sections 13. II and 
[5J respectively, relying on these particular cases. From Theorem [SI Theorem [51 
and Lemma [31 we obtain the following corollary, that implies Theorem [21 

Corollary 2. For any feasible solution S,G to an instance o/ {0, 1, 2}-SN-MSP 
there exists a half integral bead solution of value at most Z\|S'|/2. 

3.1 Proof of Theorem [H 

A block of a graph G is an inclusion-maximal 2-connected subgraph of G, or a 
graph induced by a bridge of G. It is known that every edge belongs to exactly 
one block, hence the blocks of a graph partition its edge set. Furthermore, any 
two blocks have at most one node in common. 

Lemma 5. Let G — (V,-E) be a minimally {r,Q)- connected graph such that 
Tuv e {0,1,2} for all uv e Dr and Q U R = V. Let G' = {V'^E') be a 2- 
connected block of G and let R' ~ R OV . Then |i? n y' | > 2 and no proper 
2-connected subgraph of G' that contains R' exists. 

Proof. We may assume that G is connected, as otherwise we may consider each 
connected component of G separately. Any ^'-component G has exactly one 
node in V, which we call the attachment node of C. Note that if r„„ = 2 such 
that V belongs to a F'-components C^ of G and u ^ C^, then the attachment 
node of C„ is in T^ \ Q, and hence is in R, by the assumption QU R= V. 

We prove that \R'\ > 2 Since G" is 2-connected, and G is minimally {r,Q)- 
connected, there exists uv e Dr with r^v = 2 such that u G V' , or u,v belong to 
disjoint ^'-components. Suppose that u G V . li v G V then we are done. Else, 
V belongs to a l/'-component, and the attachment node of this component is in 
R. If u, V belong to disjoint ^'-components, then the attachment nodes of these 
components are distinct and belong to R. In all cases, we have \R'\ > 2. 

We prove that if G" = {V" , E") is a 2-connected subgraph of G' that contains 
R' , then G" — G' . Suppose that G" ^ G' . Let A be the set of attachment nodes 
that are in V \ V" . Note that A<ZQ\R.lnG', shrink V" into a single node v" , 
and take F to be the edge set of some inclusion minimal tree in G' that contains 
A U {v"}. Let I = E"UF.li A^9 then i^ = 0, and / = E" . Otherwise, there 
is a € A that has degree exactly 1 in {V',I). In both cases, / must be a proper 
subset of E' \ E". Let G be obtained from G by replacing E' by /. It is not 
hard to verify that G is (r, (5)-connected, since A C Q\R. Furthermore, G is a 
proper subgraph of G, since / is a proper subset of E' \ E" This contradicts the 
minimality of G. D 
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A path P is an L- chord path of a cycle L in a graph G if the endnodes of 
P are in L but no internal node of P is in L. Relying on ear decomposition of 
2-connected graphs, Calinescu [3j proved the following. 

Lemma 6 ([3j). Let G' = {V',E') be a 2-connected graph and let R' CV with 
\R'\ > 2. Suppose that no proper 2-connected subgraph of G that contains R' 
exists. Then any cycle L in G' contains at least 2 nodes in R' , and any L-chord 
path contains at least one node in R' that does not belong to L\}\ 

We generalize this to {0, 1, 2}-(5-connectivity, as follows. 

Lemma 7. Let G — {V,E) be a minimally {r,Q)- connected graph such that 
Tuv G {0, 1, 2} for all uv G D^ and Q[J R = V . Then any cycle L in G contains 
at least 2 nodes in R, and any L-chord path contains at least one node in R that 
does not belong to L. 

Proof. Let L be a cycle in G. Then L is contained in some 2-connected block 
G" — [V , E') of G; moreover, any L-chord path is also contained in G". Let 
R' = Rr\V' . By Lemma [5l G', R' satisfy the conditions of Lemma [U hence the 
statement follows from Lemma El D 

By Lemma [71 the graph G \ i? is a forest, and every w G i? has at most one 
neighbor in each connected component oi G \ R. This implies the first part of 
Theorem m Now we prove the second part, namely, the following. 

Lemma 8. Let G be a minimally (r, Q)-connected graph such that r^v G {0, 1, 2} 
for all uv € Dr and QU R = V . Then for any subset C of connected components 
of G\C , replacing for each C £ C the corresponding tree Tc by a DPS cycle on 
Pg{C) of capacity 1/2 results in a fractionally (r, Q)-connected graph H . 

Proof. Suppose to the contrary that there exists uv G Dr such that u, v are not 
fractionally (r„i,, (5)-connected in H. This may happen only if r^v = 2 and there 
exists G G C such that u, v can be disconnected by removing two elements a, b 
of Tc from G. If one of a, b is an edge we can replace it by its endnode in Tq, 
hence we may assume that each of a, 6 is a node. Note that a j^ b, since otherwise 
u, v can be disconnected by removing the single element a, contradicting that 
Xq{u,v) > r^v — 2. Let Pab be the a&-path in Tc- Note that all the internal 
nodes of Pab are in G, so none of them is a terminal. Consider two (Q U E)- 
disjoint m, v paths in G. One of them must contain a and the other contains &; 
denote these paths by Pa and P&, respectively. The union of the paths Pa and Pb 
contains a simple cycle L that contains a, b. Hence the path Pab has a subpath 
P such that P is an L-chord path. This contradicts Lemma [71 since no internal 
node of P is a terminal. D 

The proof of Theorem [51 is complete. 



This statement is not true for edge-connectivity; for example, if _R = {Sji} and 
G consists of 2 edge-disjoint si-paths that have 2 nodes u, v in common, then the 
simple cycle that contains u, v contains no node from R. 
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4 Proof of Theorem H] 

For a tree T — {V,F) and A C V let T^ = (VajFa) be the inclusion minimal 
subtree of T that contains A. To prove Theorem |3] it is sufhcient to prove the 
following. 

Lemma 9. Let T = (V, F) he a tree of maximum degree A > 2, let R <Z V , and 
let S — V\R. Then for any integer k > 2Z\— 2 there exists a connected hypergraph 

U = {R,E) ofrank<k such that J^Aesl^AnSl < (l + iigik/iA-i)\\ ) \S\- 
To prove Lemma |9] we prove the following. 

Lemma 10. Let T = (V, F) he a tree with edge costs {c(e) > 1 : e G F} and 
let R C V . Then for any integer p > 2 there exists a connected hypergraph 

n = {R,£) of rank <p such that Y^Aee^i^^) + \£\ - I < U + ij§^) c{T). 

Lemma 1 101 will be proved later. Now we show that it implies Lemma |9l An 
R-component of T is a maximal inclusion subtree of T such that all its leaves 
are in R but no its internal node is in R. It is easy to see that it is sufficient to 
prove Lemma [9] for each _R-component separately, hence we may assume that R 
is the set of leaves of T. 

If r is a star, then since k > 2A — 2 > Z\, we let E to consist of a single 
hyperedge A = R. Then |T/An5| = 1 = |5|, and Lemma IH] holds in this case. 

Henceforth assume that T is not a star. For w e 5 let R(y) be the set of 
neighbors of u in i?, and note that \R(v)\ < zi-l.LetT' = (V"',F') =T\i? and 
let -R' = {u G 5 : R(v) ^ 0}. Applying Lemma fTOl on T' with unit edge-costs 
and i?', we obtain that for p — [fc/(Z\ — 1)J there exists a connected hypergraph 

?{' = (i?',£') of rank < p such that E^'ef I^A'I + l^'l - 1 < (l + xi|^) l^'l- 
Note that |F'| = \V'\ - 1 and that \V'j^,\ = \F'j^,\ - 1 for every A' e E' . Hence 

n'|-l< fl + ^Vl^'|-l)< fl + ^^lV'l-l- 



For A! E £' let A = \Jy^A'R{v); then |^| < p{A - 1). Let E = {A : A' e E'}. 
Then % = {R, E) is a connected hypergraph of rank < p{A — 1) < fc, and 



A££ A'£e 



In the rest of this section we prove Lemma I10[ by extending the proof of Du 
and Zhang [7] of an existence of a connected hypergraph Ti = (-R, E) of rank < p 

such that X^Aef "^(-^-4) — [^ ^ Tr~l ) '^(-^)- ^"^ have an extra term of \E\ — 1, 

and we show that this term can be bounded by , , , . 

•' us Pi 

We start by transforming the tree into a (rooted) binary tree T with edge- 
costs, which node set is partitioned into a set R of terminals and a set S of 
non-terminals, such that the following properties hold: 
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(A) R is the set of leaves of T. 

(B) The cost of any edge of T is either or is at least 1, and among the edges 
that connect a node in 5 = ^ \ i? to its children, at most one has cost 0. 

(C) T is a full binary tree, namely, every v G S has exactly 2 children. 

To obtain such a tree, root T at an arbitrary non-leaf node s £ S — V \ R, and 
apply the following standard reductions. 

1. While T has a leaf in S, remove this leaf; hence every leaf of T is in R. Then, 
for every v & R that is not a leaf, add to T a new node v' and an edge vv' 
of cost 0, add v' to R, and move v from R to S. After this step, properties 
(A) and (B) hold. 

2. While there is v £ S that has one child, replace the path P of length 2 that 
contains z; by a single edge of cost c{P), and exclude v from S. After this 
step, every v & S has at least 2 children. 

3. While there is v G S that has more than 2 children, do the following. Let 
w be a child of v such that the cost of the edge vu is at least 1. Add a new 
node v' and the edge vv' of cost 0, and for every child of u' of v distinct 
from u replace the edge vu' by the edge vu'. After this step, all the three 
properties (A), (B), and (C) hold. 

Consequently, to prove Lemma [TUl it is sufficient to prove the following. 

Lemma 11. Let T — (V, F) be a tree with edge costs {c(e) : e 6 F} and leaf set 
R, satisfying properties (A), (B), (C), Then for any integer p > 2 there exists a 
connected hypergraph H = (i?, £) of rank < p such that J2ag£ '^i-^^) + 1^1 ~ 1 ^ 

Let T — {V, F) be a rooted tree with leaf set R and let S ~ V \ R. For two 
nodes u,v oiT let Pt{u, v) denote the unique path in T between u and v. 

Definition 10. We say that T is proper if every node in S has at least 2 chil- 
dren. We say that a mapping f : S ^ R is T-proper if 

— For every u E S, f{u) is a descendant of u. 

— The paths {Pt{u, f{u)) : u Cz S} are edge disjoint. 

Given a subtree T' of T with leaf set L' and a proper mapping f, the set of 
terminal connecting paths ofT' is {Pt{u, f(u)) : u G L' \ R}. Let T' denote the 
tree obtained from, T' by adding to T' all the terminal connecting paths. 

Du and Zhang [7] proved that any proper tree T admits a proper mapping. 
We prove the following. 

Lemma 12. Let T — (V, F) be a proper tree and let Fi ^ F be such that any 
u G S has a child connected to u by an edge in Fi . Then there exists a T-proper 
mapping f such that for every u G S, the path Pt{u, f{u)) contains at least one 
edge in Fi . 
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Proof. The proof is by induction on the height of the tree. Let T be a tree as in 
the lemma of height h.li h = 1, then T has one internal node (the root), say u, 
and we set f{u) to be the node that is connected to u by an edge in Fi. Suppose 
that the statement is true for trees with height h — 1 > \, and we prove it for 
trees of height h. Let T' be obtained from T by removing nodes of distance h 
from the root. By the induction hypothesis, for T' there exists a mapping /' as 
in the lemma. Let u be an internal node of T . Consider two cases. 

Suppose that u is an internal node of T' . If f'{u) is a leaf of T, then define 
f{u) = f'{u). If f'{u) is an internal of T, then f'{u) is a leaf of T', and all its 
children in T are leaves. Then we set f{u) to be a child of f'{u) that is connected 
to f'{u) by an edge in Fi 

Suppose that u is a leaf of T' . Then the children of u in T are leaves, and we 
set f{u) to be a child of u that is connected to u by an edge in Fi. 

It is easy to verify that the obtained mapping / meets the requirements. D 

The following statement is implicitly proved by Du and Zhang [7]. 

Lemma 13 ([7J). Let T be a proper binary tree with non-negative edge costs 
and let f be a proper mapping. Then for any integer p > 2 there exists an 
edge-disjoint partition T of T into subtrees such that the following holds: 

(i) The hypergraph with node set R and hyperedge set £ = {T' n i? : T' G T} is 

connected and has rank at most p. 
(ii) The total number of terminal connecting paths of all subtrees in T is at least 

\T\ — 1, and their total cost is at most c(r)/[lgpj. 

We now finish the proof of Lemma [TTl and thus also of Lemma [TOl Let 
Fi = {e G F : c(e) > 1} and let / be a proper mapping as in Lemma \T% Let T 
be a partition as in Lemma [T51 and let £ be as in Lemma fTHT i) , so the hypergraph 
H = {R,£) is connected and has rank at most p. By Lemma [TSjii) , the total 
number of terminal connecting paths of all subtrees is at least |T| — 1 = \£\ — 1, 
while their total cost is at most c(r)/[lgpj. Every terminal connecting path 
contains an edge from Fi, by Lemma [T^ and thus has cost at least 1. Hence the 
total cost of all terminal connecting paths is at least \£\ — 1. Consequently 

c{T) 



1^1 -1< 



LigpJ 



For A = T'nR £ £ let P{T') denote the union of the edge sets of the terminal 
connecting paths of T . Then c{Fa) < c{f') = c{T) + c{P{T')), hence 

c{T) 



LigpJ 



E <Pa) < E HT')+c{PiT'))] = E c(T')+ J2 <P(T')) < dry 

Aee T'eT t'gt T'er 

Summarizing, we have 

J2c{FA) + \£\-l<ciT) + ^ + ^=(l + -^)ciT). 

The proof of Lemma lll[ and thus also of Lemma [10] and Theorem |4] is now 
complete. 
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5 Proof of Theorem E] 

To prove Theorem |6l we use the following result of Calinescu [3] . 

Lemma 14 ([3j). Let R' be a set of terminals in a normed space and let S' 
he an inclusion minimal set of points such that the unit-disc graph of R' U S" is 
2-connected. Among all 2-connected spanning subgraphs of the unit-disc graph of 
R' U S' , let G' — (V , E') be one of minimum total length X^udgB' '^(^i ''^)- Then 
degij,{v) < A for all v e S' . 

Let G, B, S, r be as in Theorem [S) As in the proof of Theorem [SI we may 
assume that G is connected. Consider a 2-connected block G' = {V, E') of G. 
Let R' = RnV and S" = S DV'. Then by Lemma [S] no proper 2-connected 
subgraph of G" that contains R' exists, hence S' is an inclusion minimal set 
of points such that the unit-disc graph of i? U 5* is 2-connected. Furthermore, 
since G has minimum total length, so is G". Thus by Lemma [Til degQ/(u) < A 
for all V € S'. Consequently, degQ{v) < A holds for any s ^ S that belongs to 
exactly one block of G. A node s is a cut-node of a connected graph if its removal 
disconnects the graph. It is known that s is a cut-node of a graph if and only 
if s belongs to at least two blocks of the graph. Our goal now is to show that 
degQ(w) < A holds for any cut- node s € S oi G. 

Let s e 5 be a cut-node of G. Suppose to the contrary that degQ{v) > A + 1. 
Then by [12] there are neighbors a, 6 of s in G such that d{a,b) < d{a,s). By 
a reduction from [2213] . we may assume that all the lengths of the edges in G 
are distinct, hence d{a,b) < d{a,s). Let H be obtained from G by replacing 
the edge sa by the edge ab. We claim that H is (r, (5)-connected, which gives a 
contradiction, since H has smaller total length than G. Thus to finish the proof 
of Theorem [B] it is sufficient to prove the following. 

Lemma 15. Let G = [V, E) be an (r^Q)- connected graph with r^v G {0,1,2} 
for all uv £ Dr, and let sa, sb £ E be a pair of (r, Q)- connectivity critical edges 
with s € Q \ R. Then the graph H obtained from, G by replacing the edge sa by 
the edge ab is also {r,Q)- connected. 

Proof. Suppose to the contrary that there is xx' G Dr such that X^{xx') < 
fxx' — 1. It is easy to see that any u,v that are connected in G also connected 
in _ff, hence we must have r^x' = 2. Consider the graph J — G\ {sa}. Since 
A^^jr j^i (a;,x') = 1 and \J^J,Ax,x') = 2, then by Menger's Theorem, there 

exists a biset X such that s £ X, a e X* , b e r{X) C Q, 6g{X) = {sa}, and 
one of x,x' belongs to X and the other to X*, say x € X and x' G X*; see 
Figure[5l^a). Similarly, since the edge sb is (r, (5)-connectivity critical, there exist 
yy' e Dr with ryy> = 2 and a biset Y, such that s e Y, b e Y*, sb e Sg{Y), 
\6GiY)\ + \r{Y)\ ^ 2, r{Y) C Q, and one of y, y' belongs to Y and the other to 
Y*, say y & Y and y' G Y*; see Figure [5jb). Now we consider the three cases, 
a G r(Y), a eY*, and a G F, and at each of them arrive to a contradiction. 
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(b) Y r(F) F* 





(e) Y r(y) Y* 





Fig. 1. Illustration to the proof of Lemma [15] 

Suppose that a G r{Y); see Figure [DJc). Then x ^ r{Y), so x G X nY or 
X eXnY*.lix e XnY* then the biset ^ = X\f satisfies \r{Z)\ + \SGiZ)\ = 1 
(since FciZ) — {b} and Sg{Z) = 0), a; e Z, and x' e Z*; this contradicts 
the assumption Xq{x,x') = 2. In the case x G X n y, we obtain a similar 
contradiction for the biset Z ^ {X OY \{s},X CiY). 

The analysis of the case a G F*, see Figure [Sjd), is similar to that of the case 

aer{Y). 

Now suppose that a G F; see Figure [SIe,f). Since |-r(F)| + |(5g(F)| — 2 and 
since sb G Sg{Y), there is another element z G r{Y) U Sg{Y). Note that if z is a 
node then z € X* f] r{Y) (Figure [5te)) or z € X n r{Y) (Figure [S^f)). If 2 is an 
edge then z connects Y n X* and Y*\X (Figure EKe)) or X nY and Y* \ X* 
(Figure [51(f)). In the cases in Figure [SJe), when z G X* D r{Y) is a node, or 
z is an edge that connects Y n X* and Y* \ X, the contradiction is obtained 
in the same way as in the case a G r{Y). We therefore are left with the cases 
in Figure [SJf), when z G X O r{Y) or z is an edge that connects X flY and 
Y*\X*. Then we consider the location of x' . Note that x' ^ r{Y), hence x' gY 
or x' G F* . In the case a;' G F we obtain a contradiction by considering the biset 
Z = Y \ X, and in the case x' G F* we obtain a contradiction by considering 
the biset Z = XUY. D 

The proof of Theorem [Sj is complete. 

6 Conclusions 

In this paper we considered the Survivable Network with Minimum Number of 
Steiner Points problem in a normed space. The main results of this paper are a 
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(1 + ln(Z\ — 1) + e)-approxiniation scheme for ST-MSP, and a Z\-approximatfon 
algorithm for {0, 1, 2}-SN-MSP. For ST-MSP m R^ this improves the ratio 2.5 + e 
of [S]. For {0, 1, 2}-SN-MSP, no nontrivial approximation algorithm was known 
before, but for the specific case of SF-MSP this improves the ratio 2Z\ that can 
be deduced from the work of [13j . Obtaining even better approximation ratios 
is an important future work. 
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